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Abstract 
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1 Introduction 

Lifting theory that permits to extend the differentiable structures has also an important role 
in differential geometry (see [H [21 [Sj HI [5] and there in) . In [2] , the structure of extended vector 
bundles has been obtained, especially the canonical A;-th order extended vector bundle tt^ of a 
vector bundle vr = {E,n,M). Extensions of a complex manifold were defined and also higher 
order vertical, complete and horizontal lifts of complex functions, vector fields, 1-forms and 
tensor fields of type (1,1) and type (0,2) on any complex manifold to its extension spaces were 
studied in |3ll2[5]. 

The paper is structured as follows. In section 2, we recall extended complex manifolds and 
higher order vertical and complete lifts of differential elements on any complex manifold to 
its extension spaces and also extended Kaehlerian manifolds. In section 3, using structures 
obtained in [21 [HJ HI [5] we define the k-th order extension '^N of any product manifold N of 
dimension 2m + 1. Also we obtain the higher order vertical, complete, complete- vertical and 
horizontal lifts of functions, vector fields and 1-forms on to '^A^. Then we find the higher 
order vertical and complete lifts of tensor field of type (1,1) on A^ to '^A^. 

Throughout the paper, all objects are assumed to be differentiable of class C°° and the 
sum is taken over repeated indices. Unless otherwise stated it will be accepted < r < k, 
1 < i < m. Also, V and c will denote the vertical and complete lifts of geometric structures 
either from ^~^M to or from '^'~^A^ to ^A^. The symbol called combination is the binomial 
coefficient (^) . 
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2 Preliminaries 

In this section, we recall k-th order extension of a complex manifold and higher order vertical 
and complete lifts of geometric elements on complex manifold to its extension spaces, and also 
extended Kaehlerian manifolds given in [3, 4j. 

2.1 Extended Complex Manifolds 

Let M be 2m-real dimensional manifold and '^M its k-th order extended manifold. A tensor 
field Jk on ''M is called an extended almost complex structure on ''M if Jk is endomorphism of 
the tangent space TpC^M) such that (Jfc)^ = -/ at every point p of ^M. An extended manifold 
with extended almost complex structure Jk is called extended almost complex manifold. If 
k = 0, Jo is called almost complex structure and a manifold °M = M with almost complex 
structure Jo is said to be almost complex manifold. 

Let (x", y") be a real coordinate system on a neighborhood '^U of any point p of '^M. 
In this situation, we respectively define by {q^, {dx^\dy"} the natural bases over 

R of tangent space Tpi^M) and cotangent space T*{^M) of ^M. The manifold is called 
extended complex manifold if there exists an open covering {^U } of satisfying the following 
condition: 

There is a local coordinate system (x", y"^^) on each such that for each point of ^U., 

If A; = 0, then the manifold °M = M with almost complex structure Jo is said to be complex 
manifold. Let z^"^ = x^^ + iy^^,i = V— 1 be an extended complex local coordinate system 
on a neighborhood of any point p of *^M. Then one puts: ^prj = | — ^a^| ' ~ 



I {al^ + ia^} ' = dx" + idy", dT' = dx" - idy". Note that J^} and {dz", dT'} 
are bases of the tangent space Tp{^M) and of the cotangent space T*{^M), respectively. The 
endomorphism is given by 

d . d d . d 

If Jl is an endomorphism of the cotangent space T*[^M) such that J^^ = — / , then it holds 

Jlidz'') = id^", Jfc(rf^"0 = -if^"- (3) 

2.2 Higher Order Lifts of Complex Functions 

In this subsection, we give definitions about higher order vertical and complete lifts of complex 
functions defined on any complex manifold M to A;-th order extension ^M. The vertical lift of 
a function / defined on M to is the function /^^ on given by the equality: 

k 

r ^ f OTm OT2M O ...OTk-iM, (4) 

where Tk-i^ '-^ M — ^.'^-i M is a canonical projection. The complete lift of function / to is 

k 

the function denoted by 

Using the induction method, the properties about vertical and complete lifts of complex func- 
tions have been extended as follows: 



ii) if + gY = r + g'\ if-gY = qr "^'^^ ■g'"''^'' 

where / and g are complex functions, and is the combination. 
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2.3 Higher Order Lifts of Complex Vector Fields 

Here, the definitions and propositions about higher order vertical and complete lifts of complex 
vector fields defined on any complex manifold M to /c-th order extension are presented. 
The vertical lift of X to '^M is the complex vector field X'"'' on^M formulated as below: 

x"\f) = {xfy\ (6) 

Now, we give the local expression of the vertical lift of X io^M. 

Proposition 2.3.1 Let M be any complex manifold and its /c-th order extension. Con- 
sider X = ZO^gJj + J,,. Then the vertical hft of X to is 



^"■ = (^°r^+(A"^'^- (7) 

The complete lift of X to M is the complex vector field X'^ such that 

X'^\f^')^{Xff. (8) 

The local expression of the complete lift of X to is obtained as follows. 

Proposition 2.3.2 Let M be any complex manifold and its /c-th order extension. Let 
X = ZO'qIh + JjT • Then the complete lift of X to is 



The extended properties about vertical and complete lifts of complex vector fields by using the 
induction method are formulated as follows: 
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i) {X + Y)'"'' = X"'' + Y''\ {X + = X"" + F^^ 



m) 



IV] 



= 0, 



[X,Yf 



9 ^c'■ _ 9 ^9 



a 



' a 
■■azOi 



a ( 9 \v'' = 9 



az^^ ' ^ as ^ az^ 

denoting by M complex manifold, by X,y complex vector fields and by / function. 



2.4 Higher Order Lifts of Complex 1- Forms 

This subsection covers definitions and propositions about higher order vertical and complete 
lifts of complex 1-forms defined on any complex manifold M to A;-th order extension ^M. The 
vertical lift of a to is the complex 1-form a"^ on^M defined by 

^-'(X^') = [aXy'. (10) 

Now, we state a proposition on the vertical lift of a to '^M. 

Proposition 2.4.1 Let M be any complex manifold and its k-th order extension. Set 

a = aoidz^'^ + OiQid^^'^. Then the vertical lift of a to '^M is 

a''" = {aoiY'dz"^' + {aoiY'df'. (11) 

The complete lift of a to is the complex 1-form a'^'° on defined by 

a'^'iX'') = {aXf. (12) 
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Now, we state a proposition on the complete lift of a to '^M. 

Proposition 2.4.2 Let M be any complex manifold and its /c-th order extended complex 
manifold. Put a — a^idz^^ + OLQid^^. Then the complete hft of o; to '^M is 

= {aoif'"''''^ dz'-' + {aoif~''''^df\ (13) 

Using the induction method, the extended properties about vertical and complete lifts of com- 
plex 1-forms are given as follows: 

i) {a + A)''" = a''" + {a + A)^" = + A'=^ 

^^) {far = r'«"^ = e;=o qr'^"''''^''''""'^ 

in) Q^i(M) = Sp {dz^\ cfl°^} , ^o^^M) = Sp {dz'\ dT'} , 
{dz^Y = dz", {d^Y = dz", 
[dz^Y = dz^. {d-^Y = d^\ 
2.5 Higher Order Lifts of Almost Complex Structure 

This subsection presents the definitions about higher order vertical and complete lifts of an 
almost complex structure defined on any complex manifold M to the extended complex manifold 
''M. The vertical lifts of Jq and Jq to ''M are respectively the structures J^'' and Jp^'^'on '^M 
defined by 

jfiX'^') = {JoXy\ jfia"') = {J^ay". (14) 
The complete lifts of Jq and Jq to are respectively the structures Jq and Jp'^'^on denoted 

by 

jtiX'^") = {JoXy\ Jfia'^") = {J;af. (15) 
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2.6 Higher Order Lifts of Hermitian Metric 

This subsection gives the definitions about higher order vertical and complete lifts of a Hermi- 
tian metric on any complex manifold M to the extension space ^M. In order to define higher 
order vertical and complete lifts of a Hermitian metric on M, firstly the definition of higher 
order vertical and complete hfts of complex tensor fields of type (0,2) is given. The vertical lift 
of G to ''M is the tensor field of type (0,2) G^'^on '^M formulated as 

C^iX^^Y^') = {G{X,Y)y\ (16) 

Denote by ^ a Hermitian metric and by Jq an almost complex structure on any complex manifold 
M. Since g is a. tensor field of type (0,2), we have the equality 

g^'^iX'^Y"') = {g{X,Y)y' = g'^'^jf X"', jfY"'), (17) 

for any complex vector fields X, Y on M. Hence the vertical lift oi g io is a Hermitian 
metric ^r^^on ^M. The extended complex manifold with Hermitian metric g'"^ is called the 
vertical lift of order k of the Hermitian manifold (M, Jq, g). The complete lift of G to is the 
tensor field of type (0,2) G'^'' on given by equality 

G'^\X''\Y''')^{G{X,Y)y\ (18) 

Also we find the equality 

gc\x'^\Y'^') = {g{X, Y)f = g''\jtx<^\ J^Y^'), (19) 
for any complex vector fields X, Y on M. Hence the complete lift of g to ''M is ^^''on ''M. The 

, fc 

extended complex manifold M with Hermitian metric g'^ is called complete lift of order k of 
Hermitian manifold. 
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2.7 Higher Order Lifts of Kaehlerian Form 

In this part, the higher order vertical and complete lifts of a Kaehlerian form on any complex 
manifold M to its extension are defined. Given a Hermitian manifold {M,jQ,g) . Since 
the Kaehlerian form $ is tensor field of type (0,2), we obtain the equality 

^^\x''\y'''') = mX,Y)y'' = g''\x''\ jfY^^'), (20) 

for any complex vector fields X, Y on M. Hence the vertical lift of $ to '^M is a Kaehlerian 

k J 

form $^ on M. Also we have equality 

^"'{X'^Y"') = ($(X,r))^' = g'^iX'^jfY^'), (21) 

for any complex vector fields X, Y on M. Thus the complete lift of $ to extended complex 
manifold '^M is a Kaehlerian form $'^''on *^M. 

2.8 Higher Order Lifts of Kaehlerian Metric 

Higher order vertical and complete lifts of a Kaehlerian form associated with any Hermitian 
manifold M to its extension is introduced in this subsection. Also we give definitions about 
higher order vertical and complete lifts of a Kaehlerian metric defined on M to '^M. 

One needs to specify in the statement that (M, Jo,g) is a Kaehlerian manifold, since only 
in this case — 0. In fact some authors call Kaehlerian form the 2-form $ associated with 
any Hermitian manifold M. Let ^"'^ (resp. $"^'°) its k-th order vertical lift ( resp. complete hft). 
Then we have 

d^""' = 0, d^"' = 0. (22) 

Since the Kaehlerian form $'''°(resp. $"^'°) on is closed, the Hermitian metric g'"'' (resp. g'^'') 
on is said to be the vertical lift (resp. complete lift) of Kaehlerian metric g to ^M. The 
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extended Hermitian manifold with Kaehlerian metric g'" (resp. ) is called vertical lift 
(resp. complete lift) of order k of Kaehlerian manifold. 

3 Product Manifolds and Lifted Structures 

From this point onwards the definitions and structures given in [U [21 E] can be extended as 
follows. 

Definition 3.1: Let = R x° M, ^A^ = R M and ^A^ = R M be manifolds. 
Consider a sequence given by 

On;^^ 2^ (23) 

where to^ and ri^r are smooth maps. If the kernel of the map ro^r is equal to the image set of 
the map tiat, then the sequence ( l23l) is said to be a short exact sequence. 

Definition 3.2: If A^ is a manifold, then a sequence of A^ is a sequence 5" of manifolds and 
maps determined by sequence 

Of^:^ if^niL 2^ (24) 

where ''A^ = A^ and each short sequence of the sequence (12^ is an exact sequence of A^. If S 
has a last term "^A^ then we say that 5* has length m, otherwise we say that it has infinite 
length or length cxo. Denote by Tijkj^) the differential (tangent functor) of r^jy, by Ti^N) the 
tangent bundle of '^A^ and by the natural projection of T{^N) to '^A^ . 

Definition 3.3: If A^ is a manifold, a sequence S of length m < oo of A^ yields the following 
properties: 

i) For each integer 1 < k < m there exists on imbedding ^~^r.^N T(^^^A^) with °/ onto 
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such that Tfc-ijv — 9k^ ^ I; 

ii) For each integer 1 < k < m the diagram 

rC^AT) ^^'-^4^^ T{'^-'N) 

^ tC'-^n) 

commutes on ^I{'^~^^M) exactly. In this case S is said to be an extended sequence of length m 
of A^, and '^N — 'Rx'^M is called a k-th order extension of product manifold N — 'Rx M {or 
'^N = R x° M) of dimension 2m + 1, where is an extended complex manifold. 

Let {t, z", be a coordinate system on a neighborhood '^V of any point p of ^A^. Therefore, 
we respectively define by{^, ^prj-} and {dt,dz",dz^'^} the natural bases over coordinate 
system of tangent space Tp{^N) and cotangent space T*{''N) of ''N. 

Let / be a function defined on N and {t, z^,^^) be coordinates of N. So, the 1- form defined 

by 

df-%dt + ^dz<^^ + ^d^^ (25) 



is the differential of /. Denote by x(A^) the set of vector fields and by x*(A^) the set of dual 
vector fields on N. In this case, elements Z and cu of x{^) ^^'^ X*{^) determined by 

Z- ^ . ^ . ^ (26) 

and 

uj^dt + ujQidz^' + uJQid^\ (27) 
respectively, where Z°',a;oi,^\^oi £ J^{M). 
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3.1 Higher Order Lifts of Functions 

In this subsection, extensions of definitions and properties about the higher order vertical, 
complete, complete- vertical and horizontal lifts of functions on product manifold of dimension 
2m + 1 to '^A^ are obtained. 

Let '^"-^A^ be the {k — l)-th order extension of and Tk-ijy -.^ N -^^-'^ N the natural 
projection. Consider the linear isomorphism as follows: 

(28) 

Thus, the vertical lift of function / to ''N is the function f^ = fo Tk-i^ . 

Let f"*" ^ be vertical lift of a function f on N to '^^^A^. In f l25]) . if / = f^'^ ^ , then the vertical 
lift of function f to N is the function f" defined by the equality 

= f OTn OT2N O ...OTk-lf^. (29) 



Let / be a function on and {t,z",^^),0 < r < k — 1 he extended coordinates of ^A^. 

Therefore, the 1- form defined by the equality 

is a differential of /. 

Suppose that let Lk be the linear isomorphism such that 

ik : ^U'-'N) ^ Q^N) (31) 

Lk{dt) = t, Lkidz''^) = z \ Lkidz''') = z , 
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where Sp jc/t, (iz", rf^^' :0<r<A; — l} = ^^[^ ^N). Taking account of (1301] . we say that the 
complete lift of the function / to ^A^ is the function defined by 

r = = ti^r + z"i§-y + ri§,y. (32) 



Let be complete hft of a function f on N to ^N. In (1321) . ii f = , the complete lift 
of function / to extended manifold is the function defined by equality 



,fc-i 



^'='(^)" + ^(iFr)"«(i^r- (33) 

Let f^"^ be r -th order complete lift of a function f on N to ^N. Then if it is taken s-th order 
vertical lift of function /^"^ on ''A^ to ^A^, by complete-vertical lift of order (r, s) of f on N to 
''N we call the function Z'^'^'"'' determined by 

(r = = r o r.;v o ... o r.+.-i^, (34) 

where < r, s < k and r + s = fc. 

There exists commutative property taking into complete- vertical lift of functions, i.e., it 
means that complete-vertical lifts of order (r, s) and complete-vertical lifts of order (s, r) of 
functions on A^ to its extension '^A^ are equal. The horizontal lift of f on N to '^N is the 
function f^'' on '"N given by 

= - 7(vr'"^ (7(vr''') = v,r'-^ (35) 

where V is an affine linear connection on '^"^A^ with local components F^*-, 1 < i, j < m, V/'^* 
is gradient of f^^ ^ and 7 is an operator given by 
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Thus, one has f^'' — 0, since 



dt ' ' dz^^ ' ^ dz"' ' 

where dots mean derivation with respect to time. The generic properties of the higher order 
vertical, complete and horizontal lifts of functions on N are 



ii) 



Hi) 



(z+^r = r =0, 

if + 9^-^ + 9"^ 

(/•^r = ry",(/-y)^' = o, 

{f-9r = EU^ir'~''''r'''~' 



\dt) ^ dt 



iv) 

for all f,g^T{N). 



•■dt) dt 



3.2 Higher Order Lifts of Vector Fields 

Extensions of definitions and propositions about higher order vertical, complete, complete- 
vertical and horizontal hfts of vector fields on product manifold N of dimension 2m + 1 to 
are derived in this subsection. 

Let '^'^^A^ be the (A; — l)-th order extension of A^. Denote by Z a vector field on ^^^N. Then 
the vertical lift of the vector field Z to is the vector field Z'" on defined by: 

Z^in = {Zjy. (36) 

We denote by f^^ ^ and Z'"^ ^complete lift of a function / and the vertical lift of a vector field 
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Z on to ^A^, respectively. In f l36p . if / = and Z = Z"" , then the vertical lift of 

vector field Z on to '^A^ is the vector field Z""^ on '^A^ given by 

Z^\r') = {Zfy\ (37) 

Proposition 3.2.1 Let '^A^ be fc-th extension of A^. Assume that the vector field Z defined on 
A^ is given by (!26l) . Then vertical lift of order A; of Z to '^A^ is 

Z^' = ^ + {Z'Y4i^ + (^YiL- (38) 



Proof: Considering a coordinate system (t, z", z^*) on a neighborhood of any point p of 
''A^, we put Z"'' = ^ + Z"-^i + Z"-^. Let be k-th order complete lift of function / to 
'^A^. Then from vertical lift properties we can obtain equations 

^^^r^) = ^ + ^"§^+^"|i (39) 



and 



(Zff = i^^ + Z-^+r§,f (40) 



dt dz^^ dz^'^ 

By (EZD, ([39]), (iOl) one obtains 

= qX' = ^,Z^' = {Z'^Y.'Z^' = (^°V,0 <r<k-l. 

Hence, the proof finishes. □ 

Let ^~^A^ be the {k — l)-th order extended manifold of A^ and Z he a vector field on ''~^N. 
Then the complete lift of Z on '''^^A^ to '^A^ is defined by: 

z^(r) = (z7)^ (41) 
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for any function / on '''^N. Let J*^* ^ and Z'^'' ^be respectively complete lifts of a function / 
and a vector field Z defined on to ''~'^N. In (1411) . if / = f'^'^ ^ and Z = Z'^^ \ then the 
complete lift of vector field Z on to extended manifold '^A^ is the vector field Z'^'' on '^A^ given 



by 



{r) = {zfy 



(42) 



for any function f on^ . 



Similar to the proof of Proposition 3.2.1, one may prove the following: 
Proposition 3.2.2 Let '^A^ be extension of order k of A^. Assume that the vector field Z 
on A^ is given by fl26l) . Then fc-th order complete lift of Z to ^A^ is 



Z" 



dt 



dz 



(43) 



Let Z be a vector field on manifold A^. Then the complete-vertical lift of order (r, s) of Z to 
'^A^ is the vector field Z'^'''"" G xC^^) determined by equality 



(44) 



where < r, s < k and r + s = k. 

Proposition 3.2.3 Let A^ be any product manifold of dimension 2m + 1 and '^A^ its k-th 
order extended manifold. Consider the vector field Z on N given by fl26l) . Then the complete- 



vertical lift of order (r, s) of Z to is 

/ 



s-\-k — l^l — s 



< / < A;. 



Proof: Considering a coordinate system (t,2;'*, ^'*) on a neighborhood ''V of any point p of 
'^A^, we put Z^''"' = i + ^^'^ + Let be A;-th order complete lift of function / to 
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the extended manifold '^A^. Then from complete and vertical lift properties we calculate 



Z-yn-^+Z'-liT + Z §r (45) 



and 



(Zff = + + (46) 



dt ' dz^- 



hi 



According to (H4l) . by (H5i) and (H6l) and also using I = k — h from the following equalities 



and 



we have 

Hence, the proof is completed. □ 

There exists commutative property considering complete- vertical lift of vector fields, i.e., 
it means that complete-vertical lifts of order (r, s) and complete-vertical lifts of order (s,r) of 
vector fields on to its extension '^A^ are equal. The complete- vertical lifts of order (r, s) of 
vector fields on a manifold obey the following property 

{fZf' = ci_J^'^'''^~^Z^^''''~\ 0<r,s<k, {r + s = k). 

The horizontal lift of a vector field Z on A^ to is the vector field Z^'' on '^A^ given by 

Z^'r' = {Zfy\ (47) 
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Obviously, we have 



at 



such that Dri = - K'jd^+u and Dri = - T^^-^^, 1 < i, j < m. By an extended frame 
adapted to a connection V on '^N, we mean the set of local vector fields { ^, Dri, Dri, = gji'+u , Vr, 
The higher order vertical, complete and horizontal lifts of vector fields on TV obey the general 
properties 

(z + = z""" + {z + wy^ = z"" + w^^^ 

/_a_\c'- ^ _a_ ( 9 Y'' = 9 (d_\c'' = A 

V dz°* > dz^i ' V 9z0i j g^rz , 

(d_\v'^ — A (d_\H'' _ d_ 

(_d_\H>' _ p) ( d 

\QzOi) — ^niVQ^) — ^ni 

for all z, w e x(^) and / e :r(A^). 



3.3 Higher Order Lifts of 1-Forms 

In this subsection, we introduce definitions and propositions about higher order vertical, com- 
plete, complete-vertical and horizontal lifts of a 1-form defined on a product manifold N of 
dimension 2m -|- 1 to '^A'^. 

Let be {k — l)-th order extension of N . Given a 1-form u on the vertical lift of 
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u to '^A^ is the 1-form u"" on '^A^ defined by: 

u^Z") = {^^Zy, (48) 
for any vector field Z on '^^'^N. Denote by Z'^* ^ complete lift of a vector field Z and by u^'' ^ 

J ^ ' ' fc — 1 . ■ k 1 

vertical lift of a 1-form u defined on to N. In (H8|) . if Z = Z'^ and u = u"" , then the 
vertical lift of 1-form a; on to ^A^ is the 1-form lo'"'' on '^A^ determined by 

Lo'^'iZ'') = {ujZy\ (49) 

Proposition 3.3.1 Let a; be a 1-form on A^ locally expressed by ( |271) . Then A;-th order vertical 
lift of LU to '^A^ is given by: 

u''' =dt+ {uoiY'dz^' + (poiY'dz^'. (50) 

fc ■ ■ fc 

Proof: Locally, we write = dt + Undz" + LJridz^\ Let Z'^ be complete lift of a vector field 
Z to extended manifold '^A^. Then from vertical lift properties we get 

io^'iZ'") = {dt + u„dz" + ZJridz"){Z'''') (51) 



1 + ooriC'^iz'^y ' ' +uj„c';{z'y 



and 



{toZy = {dt + uoiZ''' + lJo,Z y (52) 

= l + {uJo^y\z'Y + {'^oiy\z'Y. 

By (Uni), (ED), (1521) we have 

fc fc 

u>ri = 0,iOri = 0,u;oi = (^oi)" ,^oi = (^Qi)'' ,1 <r < k. 
Hence, the proof is complete. □ 
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Let '^~^A^ be {k — l)-th order extension of A^. Given by a 1-form and by Z a vector field 
defined on ''~^N. Then, the complete lift of 1-form u on '^"-'^A^ to ^A^ is the 1-form u'^ on ''N 
defined by 

u%Z^) = {uZy. (53) 

By Z'^'' ^ and u'^'^ \ let denote complete lifts of a vector field Z and a 1-form uj defined on N 
to . In ( 1531) . \i Z = Z'^ and uj = u'^ , then the complete lift of 1-form a; on A^ to A^ 

is the 1-form lo'^'' on '^A^ given by equality 

uj^^Z^') = [uZf . (54) 

Similar to the proof of Proposition 3.3.1, one can prove the following: 

Proposition 3.3.2 Let a; be a 1-form on A^ locally expressed by (l27j) . Then A;-th order 
complete lift of uj to '^A^ is given by: 

a;'^' = rft + (cuoi)''"'^"'c/2" + (aJo^ )''"'""' t^"- (55) 

Let Z be a vector field on manifold A^. Then the complete-vertical lift of order (r, s) of lu; G x*(A^) 
to '^A^ is the 1-form uj'^"'^" G x*(^^) given by equality 

^c-.= ^^c'=) = {ujZY''\ (56) 

Proposition 3.3.3 Let A^ be a product manifold of dimension 2m -|- 1 and '^A^ its fc-th order 
extension. Suppose that the 1-form uj G x*(^) is given by ([27]). Then complete- vertical lift of 
order (r, s) of a; to ^A^ is 

uj'^'^' : (l,^(a;o.)^"'^^"\§i(^o.)^^"^^") ,0 < ; < fc. 
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Proof: Since u^'''"" is a 1-form on '^A^, with respect to coordinate system (t, 2'*, 2'*) one writes 
w^'^^* = dt + ujiidz''^ + ujiidz^^ . Let Z^*" be complete lift of order k of vector field Z to '^A^. Then, 
from complete and vertical lift properties we have 

^c^v^^^c"^ = {1 + C\uJu{Z''Y~'"' + C\uju{^''f~'"'} (57) 

and 

{uZY^' = {l + uj^,Z^^ + uo,.;^'Y^' (58) 

= l + C^(cJo^)"'^''''^'(^°T'~''' 

+CUa;oi)^^^''=^"'(^°?'"''^'. 
By ( [56i) . ( 1571) and (l58l) . using / = /i from the following equalities 

we have 

= (^(^0.)''^^'^'"",^/. = (5(^0.)'^^'''^^", <l<k 

Hence, the proof is complete. □ 

There exists the commutative property for complete-vertical lift of 1-forms. Clearly, it 
means that complete-vertical lifts of order (r, s) and complete-vertical lifts of order (s, r) of 
1-forms on to its extended manifold are equal. The property of complete-vertical lifts of 
order (r, s) of 1-forms on manifold is 

{fuf-^ = c-/-^+''='-'a;^'"''', < r, s < /t, (r + s = /fc). 

The horizontal lift of a 1-form on A^ to ^A^ is the 1-form lo^'^ on '^A^ given by 

U^\Z^') = 0, uj^\Z''') = {ujZy\ 
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Considering cu — dt + cuoidz^^ + uJoid^^, we obtain 

OU^'' — dt + Urirj" + Uriff^ , 

where rf^ = dz^~^^^ + T"jdz", rf^ = dz^~^^'^ + T^^jdz^^ , ^ < i,j < tu. An extended coframe adapted 
to V on ''N is the dual coframe ^dt, 9" — dz", 6'"" = dz^'', 77", ^*|. The properties of the higher 
order vertical, complete and horizontal lifts of 1-forms on TV are 

(a; + A)^' = a;^' + A^' 

a) 

uj^\z''') = 0, u'^'iz^') = {uzy' 

Hi) x*{V) = Sp {dt, dz'^', d;z^'} , x*{^V) = Sp {dt, dz", dr'} , 

[dz^Y = dz^. (d-^Y = {dtV = dt, 

{dz^Y = dz"', {d^Y = t^'> (dty = dt 

(dt)''' = dt, {dz^Y' = {dz'^T' = V°\ 
for all cu, A G x*{N) and / G J^(iV). 

3.4 Higher Order Lifts of Tensor Fields of Type (1,1) 

This subsection studies the extended definitions and properties about higher order lifts of a 
tensor field of type (1,1) defined on N to'^N. 

Let '^~^A^ be {k — l)-th order extension of N. Denote by = (pk-i a tensor field of type 
(1,1), by ^ a vector field and by ry a 1-form defined on '^~^N. Then the vertical lift of a tensor 
field of type (1,1) 4> to is the tensor field (f)^ such that 

M'=) = (0O^w) = (#r• (59) 
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Now, let Z'^^ ^ and (^""^ ^be respectively complete lift of a vector field Z G x(^) ^-^id vertical lift 
of a tensor field of type (1,1) G to ^"^A^. In ([59]), if ^= ^ = r/^'~' and = (^'''"\ 

then the vertical lift of to is the tensor field (j)"" on given by 

0^'(r') = (0er',^^'(0^') = (#)^'- (60) 

Similarly, we define higher order complete lift of a tensor field of type (1,1) on A^. Denote by 
a tensor field of type (1,1), hj ^ a vector field and hj rj a 1-form defined on ^~'^N. Then the 
complete lift of to '^A^ is the structure 0^^ G '^\{^N) determined by 

0^(r) = (0er,w'=) = (#r- (ei) 

k—l k—1 k—1 

Presently, let ^'^ ,7]'^ and 0^^ be respectively complete lifts of a vector field ^ G xi^):^ 
1-form r] G x(A^) and a tensor field of type (1,1) G 5>1(A^) to ^^-^A^. In ([6lD, if ^ = 
rj = 7]^'' ^ and = 0'^'' \ then the complete lift of G Q'i(A^) to '^A^ is the structure 0'^'' on '^A^ 
given by 

<t>'\e) = mr\ri'\<t>'") = {v4>f. (62) 
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